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Abstract. This paper shows that for a local field K, a subfield k C K and a 
variety X over k, X is complete if and only if for every finite field extension 
K' | K, the set X(K') is compact in its strong topology. 



1. Introduction 

The main statement Theorem <|1.1|) of this article is a fact well-known to experts, 
but which apparently misses a proof in the literature. The complex case is proven 
in I §10]. For non-archimedean local fields, one can study rigid analysis as in- 
troduced by Tate and further developed by Remmert, Gerritzen, Kiehl, and others, 
which perhaps might lead to an analytic proof of the theorem. In the present paper 
however, we do not use methods from non-archimedean analysis, but give instead 
an algebraic proof. 

We define a local field to be a locally compact topological field. A topological field 
is a field with a non-discrete topology such that the field operations are continuous 
and points are closed. In I §2-4] these fields were shown to be isomorphic and 
homeomorphic to the finite extensions of R, Q p or F p ((X)) for some prime p. 

Theorem 1.1. Let K be a local field, k C K a subfield and X a variety over k. 
Then X is complete if and only if for every finite extension K' \ K of fields X(K') 
is compact in its strong topology. 

A pre- variety X over a field k is a geometrically reduced scheme of finite type over 
k, not necessarily irreducible. For a field extension K \ k, the if -rational points of 
X are defined to be the set X(K) = Horn & (Spec K 7 X) — Horn i<- (Spec K 7 X <S>k K) 
and can be viewed as a subset of the closed points of X ®k K. 
For every topological field k, we endow the sets of fc-rational points of pre- varieties 
over k with a topology by requiring the following properties: 

(i) k — > A^,(fc) is a homcomorphism, 

(ii) (X x Y)(k) = X(k) x Y(k) has the product topology of X(k) and Y(k), 
and 

(Hi) for Z X locally closed, Z(k) has the subspace topology of X(k). 

There is a unique way of defining a topological structure like this and we will call it 
the strong topology on the pre- varieties over k. We remark that the strong topology 
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is stronger than the Zariski topology. In the following, properties of spaces or maps 
in the strong topology are marked with the adverb "strongly", such as "strongly 
closed" for "closed in the strong topology" . 

If we have a morphism cp : X — > Y of prevarieties over k, then f{k) : X(k) — » Y(k) 
becomes strongly continuous. Similarly, if we have a pre-variety X over k and a 
homomorphism k — > k! of topological fields which is a topological embedding, then 
the induced map X(k) — ► X(k') also is a topological embedding. This means that 
properties like open, closed or dense in the strong topology are stable under such 
field extensions. In particular, extensions of fields with absolute value are of this 
form. By definition of a variety, the fc-rational points of a k- variety form a Hausdorff 
space. 

To see that it is necessary to consider finite field extensions in theorem I jl.ip look at 
the example X = SpecR[X u X 2 ]/(Xf + Af - 1). Here A(R) ~ S 1 is compact, but 
X(C) ~ C x is not. Another example is to take an irreducible polynomial f(X\) 
of degree n > 2 over a local field K. Then X = Spec-K^Ai, X^\/ f{X\) has no 
A-rational points, hence X(K) is compact. But for the splitting field K' = K(f), 
X(K') is the union of n affine spaces which certainly is not compact. 



2. From Completeness to Compactness 

In this section, K denotes a local field and | | its absolute value. 
The key result for the proof that a complete variety X over K is compact in its 
strong topology is Chow's Lemma. A proof can be found in \£\ 5.6.1], also compare 
with I §10]. 

Theorem 2.1. (Chow's Lemma) 

Let X be a reduced scheme that is proper and of finite type over a noetherian scheme 
S. Then there is a reduced projective scheme Y of finite type over S, a surjective 
morphism ip : Y — > X over S, and an open and dense subset U C X such that the 
restriction ip : ip^ 1 ^) — > U is an isomorphism. 

Using the projection of the (n + l)-sphere to P n (K), one sees that the if-rational 
points of projective space form a strongly compact set. For this, it is crucial that K 
is locally compact. Therefore, strongly closed subsets of projective space are also 
strongly compact, and we obtain: 

Lemma 2.2. For a projective variety X over K , the set X(K) is strongly compact. 
Now we can conclude via Chow's Lemma: 

Theorem 2.3. More generally, for a complete variety X over K , the set X(K) is 
strongly compact. 

Proof. The proof is by induction with respect to dim JC 
For dimA = 0, X(K) is a finite set and therefore compact. 

For dim A > 0, by Chow's Lemma there is a projective variety Y and a surjective 
morphism tp : Y — > A as well as an open and dense subvariety U C X such that 
ip : V — * U is an isomorphism for V = tp^ 1 ^). 
We obtain the following diagram of sets and maps: 
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Y 



X 





V 



u 



Y\K) 



X{K) 



V(K) 




U(K) 




As an isomorphism between V and U, (f is a bijection between their /^-rational 
points and U(K) = U fl X(K) is part of the image of ip K ■ Y(K) -> X(K). 
Now the closed subvariety Z = X — U has the same i-T-rational points as X outside 
of U. Since U C X is an open and dense subvariety, dimZ < dimX, and since 
Z — » X is a closed subscheme, Z is complete. Hence we can assume by induction 
that Z(K) is strongly compact. 

Finally, as the union of the two strongly compact sets Z(K) and (pn (Y(K)), X(K) 
is itself strongly compact. □ 

Now X(K) = HomK(K, X <E>k K) if X is defined over a subfield fc C K. Since 
completeness is stable under base extension, and keeping in mind that we can 
replace K by any finite extension K', the first half of theorem follows: 

Corollary 2.4. If X is a complete variety over k c K , then X(K) is strongly 
compact. 



To prove the inverse implication, we need an analogon of the implicit function theo- 
rem for spaces of rational points over a local field if the map in question comes from 
a morphism of varieties. The theorem will provide only a local homeomorphism, 
which follows from Hensel's Lemma for the non-archimedean case. 

Theorem 3.1. (Hensel's Lemma) 

Let K be a complete field relating to a non-archimedean absolute value \ \, R the 
ring of integers and fi, . . . , /„ 6 R[X\, , . . . X n ], a\, . . . , a n £ R with 



3. The Implicit Function Theorem 




2 



for I — 1, . . . , n. Then there are unique bi, . . . , b n £ R with 



fl(bi,-.., 



b n ) — and \bi — a;| < det 




forl = l,...,n. 
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Except from uniqueness one may recognize this to be a special case of the "General 
Hensel Lemma" in (5.21)] and uniqueness is easy to prove. 

Theorem 3.2. (Implicit function theorem) 

Let K be a complete field relating to an absolute value \ \, X a r- dimensional variety 
over K and ip : X — > A^- a morphism, that is etale at a K -rational point p€l and 
maps p to a K -rational point. Then tpx ' X{K) — > A r K (K) is a homeomorphism 
strongly near p. 

Proof. If K is archimedean, by Ostrowski's theorem ([SJ II 4.2]) K = R or C, and 
the theorem follows from real analysis. 

Let K be non-archimedean. For ip to be etale at p means that near p it is defined 
by a ring homomorphism of the form 



K[Y U . 



K[Yi,. . ., Y r ][Xi, . . . ,X n ]/(fi, . .., f n ) 



with det 



dXi 



(p) /0 in k{p) = K. 



Because both p and <p(p) are if-rational, we can assume by translation that p has lo- 
cal coordinates (0, . . . 0, a 1; . . . , a n ) in A r I ^ n (K) ~ AjU ri Yr ] {K) wrtn a i € R C K, 
the ring of integers. By multiplication with a sufficiently small number in K, we can 
assume that fx, . . . , /„ 6 R\Yi, ■ • ■ , lV][Xi, . . . , X n ] without changing coordinates. 
Therefore 



det 



fdfi 



\9Xj 



ip) 



det 



dfj_ 

dX, 



(0, ...,0,ai,...,o n ) 



< 1. 



When Xi = a;, there is no constant term of the f in Yi,...Y r . Hence for 
yi, . . . ,y r G K with < S 2 , it follows that 

\Myi,---,yr,a!,...,a n )\ < 6 2 . 

By Hensel's Lemma there are unique bi, . . . , b n with fi(yi, ■ ■ ■ , y r , b±, . . . , b n ) = 
and \bi — a/| < 5. This defines an inverse map (p]^ : -6,52(0) — > Bs(p), where 
B e (q) = {r I |r — g| < e} is an open neighbourhood in the appropriate space. 
To prove the continuity of ^ , consider that for \yi\ < S 



det 



dfj_ 

dX, 



(yi 



,y r ,ai, 



,a n ) 



^,3 



is constant. Hence it is sufficient to show continuity at and this is proven once 
there are points arbitrarily close to p in the image of the inverse map. 
Let e > 0, then multiply f\ with a sufficient small number in K , such that S < e. 
Choose yi . . . , y r € K with \yi\ < S 2 and find a point (j/i, . . . , y r , b%, . . . , b n ) with 
fiiyi, ■ ■ . , y r , bi, . . . ,6„) = and \bi — a;| < 5 < e by Hensel's Lemma. □ 
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4. From Compactness to Completeness 

This part of the proof holds for any field K complete with respect to an absolute 
value. Let k be a subfield of K. We will need the following theorem. A proof can 
be found in 0]. 

Theorem 4.1. (Nagata) 

Let k be an arbitrary field. Every variety over k can be embedded into a complete 
variety over k as an open and dense subset. 

Now it is possible to prove the other direction of theorem l|l.lf) . 

Theorem 4.2. Let X be a variety over k such that for every finite extension 
K' | K , X(K') is strongly compact. Then X is complete. 

Proof. If dimX = 0, there is nothing to prove. Let dimX > 0. 
By Nagata's theorem, X can be embedded into a complete variety Y over k as 
an open and dense subset. If X was not complete there would be a closed point 
p E Y — X . But we will show that the existence of p leads to a contradiction. 
Since X ^ Y implies X <£> k' ^ Y ® k' for every extension k' \ k, we can change the 
base field to prove the non-existence of the point p. Further, we can substitute K by 
a finite extension K' without changing the validity of the conditions of the theorem. 
First, we assume that X and Y are varieties over K and that p is if -rational. 
In an affinc neighbourhood of p, we can find a curve through p that intersects X 
non-trivially. Let C be its closure in Y, then C fl X is closed in X and therefore 
(C n X)(K') strongly compact for every K' \ K finite. Replace Y by C and X by 
C fl X, then Y — X has only finitely many points. 

Since X (K) is strongly compact, it is strongly closed in Y(K). It follows that p is 
a strongly discrete point as the complement of finitely many strongly closed points 
in the strongly open set (Y — X)(K). 

The normalisation Z — > Y is a finite morphism, and therefore there are finitely many 
discrete points in the inverse image of p. Since the normalisation of a curve over an 
algebraically closed field is smooth, we can enlarge K such that the normalisation 
of Y is smooth. Hence we can assume that Y is a normal and smooth curve. 
A smooth curve is locally etale over A^, compare with |3J III 10.4] and 6, III §6 
Thm.l]. This means that there is an open neighbourhood U C Y of p and an etale 
morphism (p : U — » A^. By another finite field extension, we can assume that 
not only p 7 but also ip(p) is if-rational. Then the implicit function theorem (13.21) 
shows that there are homeomorphic strong neighbourhoods of p and tp(p). But <p(p) 
cannot be strongly discrete since A^ (K) = K is non-discrete. Contradiction! □ 
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